In this paper we prove certain density results for Hecke eigenvalues as well as we give estimates on the length of modules for Hecke algebra acting on the cusp forms constructed out of Poincaré series for a semisimple group G over a number field k. The cusp forms discusses here are taken from Muić (Math Ann 343:207-227, 2009) and they generalize usual cuspidal modular forms S k ( ) of weight k ≥ 3 for a Fuchsian group (Muić, in On the cuspidal modular forms for the Fuchsian groups of the first kind).
Introduction
One of the fundamental problems in the theory of automorphic/modular forms is a construction of cusp forms and studying of the action of Hecke operators on them [1, 12, 19, 14] .
In [15] we study construction and non-vanishing of a family of (adelic) cuspidal automorphic forms for a semisimple algebraic group defined over a number field k. The method that we used was that of Poincaré series. It was an extension and refinement of a classical method of Poincaré series [2, 7, 8] . In [17] , we apply those considerations to write down examples of cuspidal modular in S k ( ) of weight k ≥ 3 for an arbitrary Fuchsian group of the first kind. We also obtained spanning sets for S k ( ) (k ≥ 3) in a uniform way.
Going back to general set-up, the purpose of the present paper is to prove some quantitative results on the structure of the module generated by a local Hecke algebra on such cusp forms. The global Hecke algebra is just a restricted tensor product of local Hecke algebras. From this we can deduce information on the action of the global Hecke algebra. We believe that the results of the present paper will be important in studying the action of Hecke operators on S k ( ). To explain our results, we introduce some notation.
Let G be a semisimple algebraic group defined over a number field k. We write V f (resp., V ∞ ) for the set of finite (resp., Archimedean) places.
We let H v be the Hecke algebra of K v -biinvariant compactly supported complex functions on G(k v ). (The convolution is taken with respect to the specified measure dg v .) It is well-known [10] that the Satake isomorphism can be used to identify this algebra with the algebra of regular functions on a complex affine algebraic variety. In particular, H v is an associative commutative finitely generated complex algebra (with identity) without nonzero nilpotent elements (i.e., reduced). We write Spec max H v for the space of maximal ideals in H v endowed with a usual Zariski topology. In fact, if T is a finite set of such places, then the same is true for H T de f = ⊗ v∈T H v . We write Spec max H T for its space of maximal ideals endowed with Zariski topology.
Let A (resp., A f ) be the ring of adeles (resp., finite adeles) of k. Then we write G(A) and G(A f ) for the groups of A-points and A f -points of G. Let S ⊂ V be a finite set containing V ∞ . We let G S = v∈S G(k v ) and G S = v∈V f −S G(k v ) (the restricted product is with respect to the groups K v ). We have G(A) = G S × G S . Let G ∞ = G V ∞ and G(A f ) = G V ∞ . We remark that G ∞ is a semisimple Lie group with finite center; let K ∞ and g ∞ be a maximal compact subgroup and the (real) Lie algebra of G ∞ , respectively. We write Z(g ∞ ) for the center of the enveloping algebra of the complexification of g ∞ . The group G S is a totally disconnected group i.e., it has a basis of neighborhoods of 1 consisting of open compact subgroups. The space of all cuspidal automorphic forms we denote by A cusp (G(k)\G(A) ). Now, we describe the cuspidal automorphic forms that we study in this paper. Let ϕ ∞ ∈ C ∞ (G ∞ ) be a non-trivial K ∞ -finite on the right and Z(g ∞ )-finite function. It was explained in [15] that non-trivial functions ϕ ∞ exist if and only if G ∞ has a maximal torus which is compact (which is equivalent to the fact that G ∞ has discrete series). In fact the proof [15, Theorem 3.10] explains how we build them from the matrix coefficients of integrable discrete series. An important particular case when non-trivial functions ϕ ∞ exist is k = Q and G = Sp(2n) (n ≥ 1).
Let S be a finite set of places of k containing V ∞ . If S = V ∞ , then let ϕ v ∈ C ∞ c (G(k v )) (v ∈ S − V ∞ ) be a non-trivial function. Put ϕ S = ϕ ∞ ⊗ v∈S−V ∞ ϕ v . Assume that T ⊂ V f − S is a finite set of places such that G is unramified over k v for all v ∈ T . We put K T = v∈T K v . Let L be the collection of all open compact-subgroups L of G S of the form L = K T × L , where L is an open-compact subgroup of
